We present an optical cavity design that is insensitive to both vibrations and orientation. The design is based on a spherical cavity spacer that is held rigidly at two points on a diameter of the sphere. Coupling of the support forces to the cavity length is reduced by holding the sphere at a "squeeze insensitive angle" with respect to the optical axis. Finite element analysis is used to calculate the acceleration sensitivity of the spherical cavity for the ideal geometry as well as for several varieties of fabrication errors. The measured acceleration sensitivity for an initial, sub-ideal version of the mounted cavity is 4.0(5) × 10 −11 /g, 1.6(3) × 10 −10 /g, and 3.1(1) × 10 −10 /g (where g = 9.81 m/s 2 ) for accelerations along the vertical and two horizontal directions, and the fractional frequency stability of a laser locked to the cavity is 1.2 × 10 −15 between 0.4 and 13 s. This low acceleration sensitivity combined with the orientation insensitivity that comes with a rigid mount indicates that this cavity design could allow frequency stable lasers to operate in non-laboratory environments. 
Introduction
Frequency stable lasers [1] are useful tools with applications in optical frequency standards [2] , gravitational wave detection [3] , and tests of fundamental physics [4] . Stability is most often achieved by locking the laser to a Fabry-Perot cavity that transfers the length stability of the cavity to frequency stability of the laser. The ultimate stability limit is set by thermomechanical noise [5] , but this limit can only be reached when care is taken to suppress the coupling of temperature fluctuations and mechanical vibrations to the cavity length. Thus far, frequency stable lasers have been constrained to operate in low-noise laboratory environments due primarily to vibration and orientation sensitivity. There is growing interest in frequency stable lasers capable of operation outside the laboratory for applications such as geodesy [6] and space based tests of general relativity and fundamental physics [7, 8] . Furthermore, insensitivity to environmental perturbations will be required before frequency stable laser technology can be commercialized.
Recently, several research groups have built cavities that are designed to be vibration insen- sitive [9] [10] [11] [12] [13] [14] [15] . These designs use symmetries of the cavity spacer to suppress the acceleration sensitivity and hold the spacer with a soft mount that serves to equalize the forces at each support point as well as low-pass filter the vibrations. Often the spacer rests on rubber pads and is held in place by gravity. These cavities have achieved acceleration sensitivities as low as 10 −10 /g, but they will not work in a field environment because their mounts are too soft to maintain alignment for accelerations greater than 1 g or changes in orientation with respect to gravity.
In this work, we present an optical cavity design that is insensitive to both vibrations and orientation (see Fig. 1 ). The cavity spacer is a 50.8 mm diameter sphere made of Corning ultra low expansion (ULE) glass [16] , and the mirrors are made of fused silica for reduced thermomechanical noise [5] . The high-fold symmetry of the spherical cavity (SC), broken only by fabrication errors and material inhomogeneity, results in a low acceleration sensitivity. Furthermore, the SC is mounted rigidly at two points on a diameter to allow operation at any orientation with respect to gravity. This paper proceeds as follows. The theoretical performance of the SC is discussed in Section 2, including a finite element analysis study of the contribution of fabrication errors to the acceleration sensitivity. Section 3 presents the experimental setup and some basic diagnostics. The Allan deviation is measured to be within a factor of two of the thermomechanical noise floor of the SC, indicating that the rigid mount does not make a significant contribution. Section 4 presents an experimental measurement of the SC acceleration transfer functions. Finally, Section 5 summarizes and concludes. Figure 1 shows a schematic of the SC in its mount. While the rigid mount is essential to allow orientation insensitivity, it is important to choose the location of the contact points between the mount and the SC such that changes in the squeeze force applied by the mount to the SC (due, for example, to thermal expansion or contraction of the mount) do not couple to the length of the optical axis. If the support axis were orthogonal to the optical axis (θ support = 0) then an increase in the squeeze force would cause the optical axis to lengthen via Poisson's ratio. If, on the other hand, the support axis were very close to parallel with the optical axis (θ support ∼ 90 • ) then an increase in the squeeze force would cause the optical axis to contract. We mount the SC at a "squeeze insensitive angle" between the two extremes where there is a zero crossing in the squeeze sensitivity. This squeeze insensitive mounting angle has the additional benefit of decoupling thermomechanical noise in the mount from the length of the optical axis.
Theoretical performance
Note that the SC geometry allows the possibility of a single spacer with several optical cavities, all of which would be acceleration and orientation insensitive as long as the support axis is on any diameter of the sphere. Furthermore, the optical axes can be oriented on the surface of a cone such that they are all at the squeeze insensitive angle with respect to the support axis.
Ideally, the area of the contact points would be very small so that all of the forces applied by the mount to the SC are applied exactly on a diameter of the sphere. This symmetric configuration reduces the acceleration sensitivity. We consider two different types of contact points in this work. The first type of contact, depicted in Fig. 1(a) and used for all of the experimental results in this paper, is made by squeezing the SC between two DuPont Viton [16] o-rings. We have tried a round cross-section o-ring with a diameter of 4.7 mm and a width of 2.4 mm as well as a rectangular cross-section o-ring with an inner diameter of 2.0 mm, an outer diameter of 5.5 mm, and a thickness of 0.7 mm, and did not see a significant difference in the experimental acceleration sensitivity. The squeeze force is estimated to be of the order of 10 N. This type of contact has the advantage that it is simple to implement but the disadvantage that the area of the support is rather large. The second type of contact, depicted in Fig. 1(b) and used in the finite element model described below, is made by polishing two optical flats on the SC and optically contacting two ULE cylinders to the SC. The cylinders are machined to have a large diameter (∼ 1 cm) where they are optically contacted to the SC for a mechanically strong connection, then a short, small diameter section (d support ∼ l support ∼ 1 mm) so that all of the forces are applied through a diameter of the SC, then another large diameter (∼ 1 cm) section where they are clamped by the mount. The squeeze force could be set to zero for this contact, and a SC mounted with them is expected to survive linear and rotational accelerations of roughly 50 g and 500 rad/s 2 . While this type of contact might not be very practical to implement, it is convenient to model and it captures all the necessary physics of a contact with a very small effective area.
The stiffness of either type of contact can be described in terms of the resonance frequency of the SC vibrating with respect to its mount. The ideal stiffness is a compromise between a stiffness high enough to maintain alignment of the laser to the SC in a vibrationally noisy, orientation changing environment and a stiffness low enough to suppress the coupling of highfrequency vibrations to the sphere. In our experimental implementation of the first type of contact, we cut flexure springs in the mount such that the measured resonance frequency for motion along the support axis is ∼ 135 Hz. In the second type of contact, the small diameter section of the ULE cylinders act as flexure springs. For d support = l support = 1 mm, finite element analysis predicts a single low frequency mode where the sphere rotates around the support axis at ∼ 54 Hz, and the modes where the SC moves with respect to the mount are between ∼ 1.5 and ∼ 2.8 kHz. The mode frequencies can be tailored by modifying the material and geometry of the contact. 
Finite element model
We performed finite element analysis (FEA) of the SC in order to calculate the squeeze insensitive angle and investigate the effect of different contact geometries and fabrication errors on the acceleration sensitivity. The FEA was calculated by ANSYS [16] with ≈ 250, 000, 10-node tetrahedral elements. The material properties of ULE (density, 2.21 g/cm 3 ; elastic modulus, 67.6 GPa, Poisson's ratio, 0.17) are used for all of the elements. We have verified that there is no significant difference in the squeeze insensitive angle or acceleration sensitivity if the material properties of fused silica are used instead for the mirrors. Figure 2 shows the calculated sensitivity of the SC length to squeeze force as a function of the support angle. The squeeze insensitive angle is located at θ support ≡ θ 0 = 37.31(40) • where there is a zero crossing in the squeeze sensitivity (for Corning ULE). The uncertainty is dominated by our lack of knowledge of Poisson's ratio in ULE; the discretization error of our FEA model contributes an uncertainty of 0.03 • .
Support angle

Linear acceleration sensitivity
Vibrations with the largest contribution to the laser phase noise are at low frequency ( 100 Hz) compared with the lowest resonance frequency of the SC spacer (∼ 50 kHz), so it is sufficient to analyze the static case where a gravity-like force is applied to the SC with the outside end surface of each support cylinder fixed in place [17] . We computed the length change of the optical axis for linear accelerations of magnitude ±0.1g, ±g, and ±10g in each direction, where g = 9.81 m/s 2 is the acceleration due to gravity at the Earth's surface. For each model geometry, the length change is linear in the applied acceleration. The length of the optical axis can change due to either translations or rotations of the two mirrors. To first order in the rotation angles,
r2,x r1,y r2,y the total acceleration sensitivity for acceleration in the α direction is given by
where Δr i,β is the displacement of the optical axis from the geometric center of mirror i in the β direction (a fabrication error) and L is the length of the optical axis. The translational and rotational displacements are defined in Fig. 3 . The first term in Eq. (1) is the length change of the distance between the geometric centers of the two mirrors and the second term is the length change due to rotation of the mirrors. The first order rotation term in Eq. (1) is zero if the optical mode is centered in the mirrors (Δr i,β = 0). Note that while the length of the optical axis is in fact sensitive to mirror rotations even if it is located perfectly in the center of the mirrors, this effect is of second order and results in a correction to Eq. (1) of
where g i = 1 − L/R i , with R i the radius of curvature of mirror i. For the cavities we have constructed (R 1 = 50 cm, R 2 = ∞, worst case mirror rotation acceleration sensitivity ≈ 10 −8 rad/g) this second order correction is of the order of ≈ 10 −15 /g 2 , which is negligible. However, if the size of the optical mode on the cavity mirrors is made larger by choosing a near-spherical or near-planar design then this correction could become significant. Tables 1 and 2 show the calculated acceleration sensitivity of the SC for mounting at the squeeze insensitive angle and at θ support = 0. Each table includes a column for the ideal geometry (column 1) as well as columns for several varieties of fabrication errors. We considered the following types of fabrication errors: supports not on a diameter of the sphere (columns 2 and 3) and flexure springs with unequal stiffness (column 4). For each type we set the error magnitude at a level that we think is attainable. With these levels of fabrication errors, the acceleration sensitivity is roughly 3 × 10 −11 /g for mounting at either θ support = θ 0 or θ support = 0. For a SC mounted at θ support = 0 with unequal stiffness flexure springs, there is a contribution to the acceleration sensitivity due to acceleration induced squeeze forces. This contribution is suppressed at θ support = θ 0 . However, at the mounting angle of θ support = θ 0 the sensitivity to optical axis misalignment is 30 % higher than for θ support = 0. Practical experience is needed to determine which fabrication errors dominate the residual acceleration sensitivity, and which mounting angle is optimal. Table 1 . Calculated sensitivity of the SC length to accelerations for mounting at the squeeze insensitive angle 1
17 (1) 17 (1) 17 (1) 1 Results are presented for the ideal SC geometry shown in Fig. 1(b) as well as for a few varieties of fabrication errors. The columns labeled "0.1 • off diameter β " have the two supports separated by 180.1 • in the β − y plane, and the column labeled "1 % different springs" has a 1 % difference in l support between the two supports. The results are given in the form of fractional length change of the optical axis, ΔL/L| α , and angular tilt of cavity mirror i in the β − z plane, Δθ | α i,β , for 1 g of acceleration along axis α (see Fig. 3 ). The fractional length change coefficients are given in units of 10 −12 /g, and the angular tilt coefficients are given in units of 10 −12 rad/g with Δr i,β = 100 μm.
Rotational velocity and acceleration sensitivity
In a laboratory environment, rotational velocities and accelerations are small in magnitude and have a negligible effect on cavity stability. This may not be the case in some nonlaboratory environments. For example, a moving vehicle might experience rotational velocities of (90 • )/(5 s) ≈ 0.3 rad/s and rotational accelerations of g/(2 m) ≈ 5 rad/s 2 .
To estimate how important these effects would be for a SC operating in a non-laboratory environment, we computed the length change of the optical axis of a SC mounted at the squeeze insensitive angle without any fabrication errors for rotational velocities of ±0.1 rad/s, ±1 rad/s, and ±10 rad/s and rotational accelerations of ±0.1 rad/s 2 , ±1 rad/s 2 , and ±10 rad/s 2 around each axis. The results are summarized in Table 3 . Rotational velocity generates a centrifugal force that is quadratic in velocity, leading to a second order effect on the length of the optical axis. Rotational velocity about an axis orthogonal to the optical axis lengthens the optical Table 2 . Calculated sensitivity of the SC length to accelerations for θ support = 0 1 (1) 13 (1) 13 (1) 13 (1) 13 (1) 13 (1) 13(1) (1) 0(1) 1 All other parameters are the same as Table 1. axis, while rotational velocity about the optical axis shortens the optical axis via Poisson's ratio. Rotational acceleration is less intuitive but our model predicts a small linear sensitivity. The rotational velocity and acceleration estimated above for a moving vehicle applied to the worst case axis (x) would cause a fractional length change of the optical axis of 5 × 10 −13 and 1 × 10 −12 . Thus, rotational velocity and acceleration will contribute significantly to cavity instability for some non-laboratory environments. 1 Results are presented for the ideal SC geometry shown in Fig. 1(b) . The results are given in the form of fractional length change of the optical axis, ΔL/L| α as a function of rotational velocity, ω α , and rotational acceleration,ω α . The fractional length change is given in units of 10 −12 and have discretization uncertainties of ±0.05, where ω α is in units of rad/s andω α is in units of rad/s 2 .
Thermal noise
The ultimate stability limit of the SC is set by thermomechanical noise [5] . Our cavity is relatively short, so we use fused silica mirrors to achieve an adequately low thermal noise floor. This decreases the zero crossing temperature of the cavity coefficient of thermal expansion (CTE) from that of ULE (≈ 15 • C for the present cavities) to ≈ −25 • C, but ULE rings optically contacted to the back of the mirrors could be used to bring the CTE zero crossing of the cavity back up to a more manageable temperature [18, 19] . Using the analytic formulas provided in Reference [5] we calculate a thermal noise floor limited Allan deviation of 6.5 × 10 −16 , dominated by noise from the mirror coatings. FEA suggests that the contribution from the rigid mount is negligible for mounting at either the squeeze insensitive angle or at θ support = 0.
Experimental setup
A schematic of the experimental setup is shown in Fig. 4 . The SC is mounted in a vacuum chamber inside a heat shield that is stabilized to the cavity CTE zero crossing temperature. The mount is made of invar. A test laser is locked to the SC by the PDH method [20] via fast feedback to an AOM and slow feedback to a piezo in the laser cavity. The vacuum chamber and test laser are located on an active vibration isolation (AVI) table, along with a three axis accelerometer mounted to the SC vacuum chamber. The AVI table can be driven in order to measure the SC acceleration sensitivity. The phase of the test laser is measured via a heterodyne beat note with a second frequency stable laser (reference laser), which is completely independent and located in a separate room. The reference laser comes through a noise canceled fiber [21] and is beat against the test laser on a fast photodiode. This beat note is first mixed down to about 6 MHz, then further mixed to near 0 Hz using a demodulator circuit that outputs the in-phase (I) and quadrature (Q) components of the signal. The I and Q components are recorded with an analog-to-digital converter (ADC) at a sample rate of 1 to 100 kHz. We built two nearly identical SC setups, with the primary difference being that they use different wavelength test lasers and are compared with different reference lasers. The first setup uses a fiber laser that is frequency doubled to 563 nm as the test laser and a laser that typically serves as the clock laser for probing the 2 S 1/2 to 2 D 5/2 transition in 199 Hg + [2] as the reference laser. This setup was used for the diagnostics presented in this section. The second setup uses a fiber laser at 1070 nm as the test laser and a laser that typically serves as the clock laser for probing the 1 S 0 to 3 P 0 transition in 27 Al + [22] as the reference laser. This setup was used for the acceleration sensitivity measurements presented in Section 4.
As a validation test of our FEA model, we measured the sensitivity of the SC length to squeeze force at θ support = 0 and at θ support = θ 0 . The measurement is performed by modulating the squeeze force at 20 Hz with a piezo located between one of the o-ring contacts and the mount and looking at the resulting length change of the optical axis with a lock-in technique. At θ support = θ 0 , we observe a factor of approximately 100 reduction and a sign change in the squeeze sensitivity. This is in qualitative agreement with our FEA model.
The Allan deviation of the 563 nm laser locked to the first SC is shown in Fig. 5 . The Allan deviation is roughly flat at 1.2× 10 −15 between 0.4 and 13 s. This is about a factor of two higher than our theoretical estimate of the thermal noise floor, 6.5 × 10 −16 .
Acceleration sensitivity and cavity transfer functions
We measured the acceleration sensitivity of the SC by driving the AVI table and recording the resulting acceleration of the SC vacuum chamber and phase excursion of the test laser. We performed measurements with three different AVI drive directions at each drive frequency. For each drive frequency and direction, the measured laser frequency and acceleration are Fourier transformed and the components at the drive frequency are used to determine the acceleration sensitivity for acceleration along some direction. Since the AVI table shows a strong, frequency dependent coupling between drive axes our three measurements of the acceleration sensitivity at each frequency are along three non-orthogonal directions, but (since the three measured Fig. 4 . Schematic of the experimental setup used to measure the SC acceleration sensitivity. The setup used to measure the SC support squeeze sensitivity and Allan deviation is identical, except that the 1070 nm lasers are replaced by 563 nm lasers. The SC is mounted in a vacuum chamber located on an AVI table. A 1070 nm fiber laser is locked to the SC by the PDH method via fast feedback to an AOM and slow feedback to a piezo in the laser cavity. The phase of the laser is measured via a heterodyne beat note with a second (completely independent and located in a separate room) frequency stable 1070 nm laser. The beat note is mixed down to 6 MHz, fed into an I/Q demodulator circuit, and recorded with an ADC at a sample rate of 1 to 100 kHz. The AVI table drives accelerations at frequencies of 5 to 50 Hz, and a three axis accelerometer mounted on the SC vacuum chamber measures the applied accelerations. drive directions at each frequency are non-degenarate) these measurements are easily inverted to obtain the SC acceleration transfer functions for three orthogonal acceleration directions. The results are shown as a function of drive frequency in Fig. 6 . The data points and error bars are the mean and standard deviation of five datasets taken with the accelerometer located at three different positions on the SC vacuum chamber. The mean acceleration sensitivities are 4.0(5) × 10 −11 /g for accelerations along the x axis, 1.6(3) × 10 −10 /g for accelerations along the y axis, and 3.1(1) × 10 −10 /g for accelerations along the z axis.
The acceleration sensitivity measured for a SC mounted with Viton o-ring contacts is one or two orders of magnitude larger than the acceleration sensitivity calculated by use of FEA for a SC mounted with ULE contacts. We have measured the displacement of the optical mode from a diameter of the sphere to be given by (Δr 1,x + Δr 2,x )/2 = 70(60) μm and (Δr 1,y + Δr 2,y )/2 = 10(50) μm, which is not large enough to account for the observed acceleration sensitivity. Our hypothesis is that this difference can be attributed to the large effective area of the o-ring contacts. If there is some stress in the o-rings such that the forces applied by the mount to the SC are applied primarily through one side of the o-rings then this situation would be similar to the FEA model we ran where the supports are not on a diameter of the SC, except that the magnitude of the "fabrication error" could be up to two orders of magnitude larger (∼ 10 • if the forces were applied all the way at the edge of the o-ring) than what we considered in the FEA model.
Conclusion
We have presented a new frequency stable optical cavity design that is insensitive to both vibrations and orientation. Acceleration sensitivity is suppressed by the symmetric spherical spacer geometry, and the cavity is rigidly mounted to allow orientation insensitivity. Mounting at a squeeze insensitive angle eliminates the coupling of the support forces to the length of the optical axis. Experimental measurements have demonstrated stability within a factor of two of the thermal noise floor and acceleration sensitivities of 4.0(5) × 10 −11 /g, 1.6(3) × 10 −10 /g, and 3.1(1) × 10 −10 /g for accelerations along the vertical and two horizontal directions. FEA mod-eling suggests that with a smaller area support contact, we may be able to achieve acceleration sensitivities as low as ≈ 3 × 10 −11 /g in all directions for experimentally feasible fabrication errors. Combined with new techniques for real-time cancellation of vibration induced phase noise [23] , the spherical reference cavities presented here may enable frequency stable lasers to operate with thermomechanical noise limited performance in a non-laboratory environment.
